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We show how snake-orbit states which run along a magnetic edge can be confined electrically. 
We consider a two-dimensional electron gas (2DEG) confined into a quantum wire, subjected to a 
strong perpendicular and steplike magnetic field B/—B. Close to this magnetic step new, spatially 
confined bound states arise as a result of the lateral confinement and the magnetic field step. The 
number of states, with energy below the first Landau level, increases as B becomes stronger or as 
the wire width becomes larger. These bound states can be understood as an interference between 
two counter-propagating one-dimensional snake-orbit states. 
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Recently there has been a growing interest in the study 
of the influence of inhomogeneous magnetic fields on the 
electronic properties of quantum structures. The appli- 
cation of magnetic fields to otherwise pure electrical sys- 
tems opened the door to a whole new area of physics. 
The confining role of the magnetic fields can indeed alter 
the transport properties of, e.g., a two-dimensional elec- 
tron gas (2DEG) to a measurable extent and therefore 
possibly result in useful magnetoelectronic devices. H 

With regard to localized electron states, the confine- 
ment was previously realized essentially by application 
of pure electric potentials or pure inhomogeneous mag- 
netic fields. However, the main problem with the latter 
method is of practical nature: it is very hard to create an 
inhomogeneous magnetic field which is strong enough to 
confine electrons such that the resulting energy quantiza- 
tion is large enough to detect. ||[| In contrast to previous 
approaches, we propose a system which combines these 
two different ways of confinement, magnetic and electric, 
and which can be realized experimentally. 

We consider the so-called snake-orbit states, which 
have been studied intensively in the recent past. 
These states are localized magnetically in one direction 
by use of large magnetic field gradients; a steplike mag- 
netic field profile, which varies abruptly B/—B, e.g., 
along the x direction, is a typical example, experimen- 
tally realizable. A typical feature of these states is that 
they propagate perpendicular to the magnetic field dis- 
continuity (along the y direction) and exhibit a large mo- 
bility. § As we show below, reducing this degree of free- 
dom with hard-wall confinement leads to their complete 
spatial confinement. 

To start with, we consider electrons in the (x, y) 
plane subjected to a perpendicular magnetic field B = 
[0,0,-B(:r)] which changes sign at x = such that 
B(x,y) = Bsgn(x). Along the y direction the electrons 
are confined into a quantum wire by a hard-wall poten- 



tial V(\y\ > W) — 00, else V(y) = 0, where W is the 
width of the wire. We solve the two-dimensional (2D) 
stationary Schrodinger equation 



{H-E}*(x,y) = 
with the dimensionless Hamiltonian 



(1) 



H 



\d 2 /dx 2 + (d/dy + t\x\B) 2 }/2 + V(y), (2) 



where \x\B is the y-component of the vector potential A. 
The coordinates are measured in units of W, energy is 
in units of Eq = ft 2 /m e W 2 , the magnetic field in Bq = 
h/eW 2 . l B = y/h/eB = Wy/Bo/B is the magnetic field 
length. For a typical GaAs-heterostructure with W = 
5000 A, we obtain E w 0.0056 meV and B « 26.4 
Gauss. The magnetic length reads Ib ~ 0.045 W = 224 

A. 

This quantum mechanical problem cannot be solved 
analytically. One way to solve it is by using the mode- 
matching technique as in Ref. [ 7| . In the present work we 
follow a different approach and expand the wavefunction 
in basis functions of a 2D box in the absence of a magnetic 
field with boundaries at |x| = L/2, \y\ — W/2, and the 
length of the wire L chosen sufficiently large such that it 
has no influence on the energy of the bound state. Thus, 



Cnm$nm \p^i y) 5 



is the general form of the wave function and 

2 . r nn , L,, r m7r , W 



4>nm(x, y) 



VWL 



nir , L... mir , 
sm| — (x + -)][— (y 



L 



W 



(3) 



)] (4) 



is the basis function of order n, m. Inserting Eq. (||) into 
Eq. (fil) we obtain the secular equation 



\Hii-E5ul =0, 



(•5) 
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where Hij = (^fi\H\^j) is the complex matrix element 
of the Hamiltonian operator with i = (n, to). The energy 
of the bound state is then determined by solving Eq. 
(H). In principle an infinite number of basis functions 
is required to describe the wavefunction and hence to 
calculate the exact energy; in practice, though, we found 
that n, m rs 50 terms are sufficient in order to determine 
the energy with an accuracy of 10 -4 . 

If B is larger than zero, an electron can be bound to 
the magnetic edge. We look at relatively large magnetic 
fields since we are interested in snake-orbit states, which 
are rather fragile structures and show themselves only 
for weak confining potentials. That is why we consider 
the case when the width of the wire W exceeds the mag- 
netic length Ib- The discrete energies in the box with 
dimensions (L, W) subjected to a homogeneous magnetic 
field (dots) together with the steplike magnetic field pro- 
file (open dots) with strength B/Bg = 500 are shown in 
Fig. [|. For the homogeneous magnetic field we clearly 
distinguish the first Landau level (solid dots). This level 
is also clearly seen for the B/—B profile (open dots) and 
corresponds to electrons in cyclotron orbits on the left or 
right of the magnetic edge. But in addition, we now ob- 
serve states with energy lower than the first Landau level. 
Inspection of the wavefunctions, plotted in the inset of 
Fig. [l] for N = 1 and N — 5, shows that the correspond- 
ing states are bound close to the magnetic boundary (sit- 
uated at x = 0). 

The energy of the bound states, below the first Landau 
level, is shown in Fig. |^ as a function of the magnetic 
field strength B/Bq = W 2 /l B in units of hcu c , where 
u> c = eB/m e is the cyclotron frequency. We notice that 
with increasing B the ground state decreases in energy 
and approaches the limiting value E/huj c = 0.295 for 
B — ► oo. As B increases the number of these bound 
states increases. 

Actually these new bound states can be interpreted 
as an interference between two states propagating along 
the magnetic edge, i.e., perpendicular to the wire. These 
states have the same energy, lower than the first Landau 
level, but are propagating in opposite directions with dif- 
ferent momenta, and for some energies they form a stand- 
ing wave. 

This can be better understood if we first look at 
the situation without confinement along y described by 
V(y) — 0, that was discussed in Ref. Q. In this case one 
has to solve Eq. ([!]) with W — > oo; now all lengths are 
expressed in units of Ib and the energy in units of htu c . 
Writing the wave function as 

ij(x,y) = e- lkv ^ k (x)/V2^, (6) 

where k is the wave vector in the y direction, the problem 
reduces to solving the ID Schrodinger equation 

(l/2)[-d 2 /dx 2 + {\x\B - k) 2 ]<j> n<k {x) = E n>k <t> n , k (x), (7) 

which we do numerically. 



The energy spectrum, plotted in Fig. || as a function 
of k, shows that to every energy E < %ui c /2 there cor- 
respond two states which propagate along the magnetic 
boundary with opposite velocities v y (v y — —dE/dk). 
The v v > states are the classical snake-orbit states 
while those with v y < do not have any classical analog. 

In order to understand the nature of these different 
states, we distinguish two different regions, A and B. In 
region B the electron cyclotron orbit intersects the mag- 
netic boundary and the electron motion can be under- 
stood classically. In region A there is no classical analog 
for the quantum mechanical electron propagation: clas- 
sically, the orbit does not reach the magnetic boundary 
and the electron cycles around in closed orbits. 

Since the lowest energy is at the border between the 
classical and non-classical region, only one of the two 
states with the same energy E < Tiu> c can be understood 
classically, the other cannot. Nevertheless, one could 
comprehend propagation of this state more or less, by 
looking at Fig. |], where a schematic picture is drawn, 
together with the corresponding wavefunctions and their 
effective potential. If one adds tunneling to the classical 
picture, such that an electron can tunnel from a cycling 
state on the left to a cycling state on the right, and vice 
versa, one can imagine an electron to propagate paral- 
lel to the magnetic edge in the opposite direction of the 
classical snake-orbit [Fig. f|(b)] . 

Now the question arises how this picture is modified if 
one includes a hard-wall confinement in the y-direction 
V(y > W/2) = oo. As argued below, the situation will 
change dramatically since the system is no longer transla- 
tionally invariant along the y direction and the wave func- 
tion vanishes at the wire boundaries. The effect of the 
weak confinement can be taken into account qualitatively 
following the ideas used in band theory and assuming 
that the edge mode behaves like a quasi-particle moving 
along the magnetic well with effective mass to* = lA3m e . 
Namely, expanding the electron energy near the mini- 
mum point Eq for fcoZs = —0.767 in the manner 

E(k) -» Eq + (k - k ) 2 /2m*, (8) 

and presenting the electron wave function as 

*(x,y) = f(y)M*) (9) 

[where 4*o(x) is the electron wave function at the mini- 
mum point ho] one can get the effective Schrodinger equa- 
tion for the envelope function /(y). The Hamiltonian for 
this equation is obtained just replacing k — k$ - > —id/dy 
in energy expression (|J) and adding the confinement po- 
tential: 

H =E -(l/2m*)d 2 /dy 2 + V(y). (10) 

In the case of hard wall confinement it immediately leads 
to the quantized energy spectrum 

E n =E a + (mT/l B ) 2 /2m*, (11) 
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which is both qualitatively and quantitatively in good 
agreement with the exact result shown in Fig. at least 
for lower energy values (\k — ko | small) . It is obvious that 
for higher \k — ko\ the parabolic approximation (^) is not 
valid anymore. 

The system studied here can be realized experimentally 
by growing a tilted 2DEG with the left and right parts 
having different slopes. || This results in an out-of-plane 
kink in the ID wire. If a (large) homogeneous magnetic 
field is then applied, electrons will be attracted towards 
the kink where the magnetic field changes abruptly and 
form a quasi ID system, which is confined both electri- 
cally and magnetically. Another way to create the step- 
like magnetic field in the wire is by growing a perpen- 
dicularly magnetized magnetic stripe on top of the het- 
erostructure, containing the wire, p] The magnetic field 
then has a different sign underneath or away from the 
stripe. 

In summary, we proposed a technique to confine snake- 
orbit states and localize them spatially near a magnetic- 
field discontinuity (or edge) by introducing an interfer- 
ence between them. These caged states are bound to the 
magnetic edge and have an energy lower than that of the 
first Landau level. Their number increases as the mag- 
netic field becomes stronger or as the width of the wire 
becomes larger and the confinement decreases. These 
states can be understood as an interference between two 
counter-propagating snake-orbit states. We also provided 
a simple approximation which rendered clear their phys- 
ical origin. They have a pure quantum mechanical origin 
and cannot be understood or treated classically. 
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FIG. 1. The lowest energy values for a quantum wire 
of width W subjected to a homogeneous magnetic field 
B/Bo — 500 (solid dots), and to a B/—B profile (open 
dots). The inset shows the wave functions for the ground 
state (N — 1) and for the fifth lowest state (iV = 5) in case 
of the B/-B profile. 

FIG. 2. The energies for the lowest bound states as func- 
tion of the magnetic field strength B. The dotted lines corre- 
spond to our approximation [Eq. ([ill)], which is only shown 
for E/hui c < 0.35. The thin dashed line corresponds to the 
lowest energy snake-orbit state in the absence of confinement. 

FIG. 3. Dispersion relation of electrons subjected to a 
B/—B profile. The thin solid line separates the different re- 
gions A and B corresponding, respectively, to states which 
cannot and can be understood classically. The bound states 
with energy below the first Landau state are represented by 
the bold line. The dotted line shows the displaced parabolic 
approximation with fco/is = —0.767, Eo/hu c = 0.295, 
m*/m e = 1.43. 

FIG. 4. Schematic trajectories and corresponding wave 
functions for the states indicated by the solid dots in Fig. ^, 
i.e. for Mb = —0.3 and for kin = —1.35. 
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